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Abstrak 

 

Let   be a graph having vertex set     , edge set     , number of vertices |    |  
 , and number of edges |    |   . A super graceful labeling is a bijection function        
                   such that       |         | for every        . A graph is 

called a super graceful graph if it admits a super graceful labeling. A tree         is a tree 

obtained from a star on     vertices by joining each vertex (one vertex if    ) of degree 1 , 

  ,          , to different   new vertices                 . Super gracefulness of many classes 

of graphs, including special classes of trees, has been studied in the literature. In this paper we 

present a super graceful labeling of the tree        .   
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1. INTRODUCTION 

For our purposes, all graphs are finite, loopless and have no multiple 

edges.  For most part of our notation and terminology we follow that of 

Diestel (R. Diestel, 200). We let   be a graph having vertex set V   , edge 

set     , number of vertices |    |   , and number of edges |    |   . 

A graph labeling is a function from the set of vertices or the set of 

edges, or both, subject to a certain condition. A lot of graph labelings have 

been studied in the literature, see (J. A. Gallian, 2018). We follow (M. A. 

Perumal , 2011: 382-404) for the following definition of super graceful 

labeling.  Let   be a graph. A super graceful labeling is a bijection function 

                          such that       |         | for 

every        . A graph is called a super graceful graph if it admits a super 

graceful labeling. In (N. Hartsfield and G. Ringel) this labeling is called 

consecutive labeling. 

A tree is a connected graph with no cycles, and a star is tree obtained 

from a vertex joined to a number of vertices. A tree         is a tree obtained 

from a star on     vertices by joining each vertex (one vertex, if    ) of 

degree 1,   ,          , to different   new vertices                 .  A 

tree         is as in Figure 1. 
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Figure 1. Tree         

Super gracefulness of many classes of graphs, including special classes 

of trees, has been studied in the literature. For example, Perumal et al (M. A. 

Perumal , 2011: 382-404) studied the super gracefulness for cycles, paths, and 

regular caterpillar. Further, Lau et al (G. C. Lau, W. C. Shiu, 2016 : 200-209) 

studied the super gracefulness for special tripartite graphs, union of stars, and 

some families of trees. In this paper we present a super graceful labeling a 

class of trees,        . 

 

 

2. RESULTS OF THE STUDY 

Perumal et al (M. A. Perumal , 2011: 382-404) define a graph      as a 

graph formed from   paths   
    

      
    

    
        

      
    

      
  

and identity the vertices   
    

      
  with   , and show that the graph      

in super graceful. When    , we have             , and this implies that 

        is super graceful. In this paper we present a super graceful labeling of 

the tree        . 

By the definition, the number of vertices and the number of edges of 

        are    | (       )|         and   | (       )|     

 , respectively, and             . The following Theorem 2.1 

shows an easy way to label         with a super graceful labeling. We are 

concerned about how to do the labeling. 

 

Theorem 2.1. Let   and   be positif integers and           be a tree 

with the vertex set 

 (       )  {                                                                  }, 

and the edge set 

 (       )  

                                                                         
                                .  Then the labeling: 

                              , where 

               ,  

                , 

                               ,    for       , 

 (    )                      ,      for        and       , 
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and 

         |          |, 
         |                   |,               for       , 

  (      )  |            |,                            for        

  (      )  |                       |,   for         

and       , 

is a super graceful labeling. 

 

Proof.   It is obvious that 

   | (       )|        ,  

   | (       )|      ,  

and so  

              . 

Further,       is odd for every             ,        is even for every 

             , and       |         |.  

Let       .  Then 

                                 

                                      

                  , 

and 

                                 

                                       

                       . 

These imply that, for every      , 

                    . 

Now let       and       . We have 

   (    )                       

                              

                , 

and  

    (    )                   

                                  

                        . 

These imply that  

   (    )              . 

Thus we find that, for every             , 

3.           . 

Since, for every              ,       |         |, then  

                    . 

Thus, we have proved that                              
We will show if    , then          . It is easy to see that, for 

        , if     then            .  
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Let         and        . For fixed   and different, if     then 

 (      )   (      ); the maximum value of  (    )      

             is  

 (    )                   

and the minimum values of  (      )                       

is  

   (      )                      

                       

              . 

Thus, if             then  (    )         .  

It is obvious that 

           . 

Let      . Then 
                                                  

                                    
                                   

                , 

and so   

           . 

Let      . Then 

        (    )                                

                       

                , 

and so  

       (    ). 

Let      . Then 

      (    )                                      

                                  

      , 
and so  

       (    ). 

Let      . Then 

                       

                             

                              

          , 

and so 

           . 

Let        and       . Then 

                       

                     

                      

            , 
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and so 

             . 

Now we will show that for any integers  ,  , and  ,       ,     
 , and       ,              . Suppose              . Then                    

                                         , 

                                         
    ,                                   ,    
             . 
It is impossible since      . Thus  

             . 

This complete the proof that if    , then          .  

We will show that if      , then            .  Note that 

        |          |            , 

        |                   | 
                                   ,               for       , 

  (      )  |            | 

                ,                             for        

   (      )  |                       | 

   

 

{
                                      

 

 
               

                                 
 

 
 

 

 
                

  

It is easy to see that, for       ,   

              , 

and for        

         (      ). 

Suppose          (      ), for     
 

 
    and       . Then 

                                    , 
                             
                                    , 
                        , 

a contradiction.  Suppose          (      ), for  
 

 
 

 

 
      and 

      . Then 

                                    , 
                                     
                                     
                     , 
a contradiction. Thus we find 

         (      ). 

Let        and      .  Suppose           (      ). Then 

                                  , 
                        , 



PROSIDING-M34  P-ISSN: 2502-6526 E-ISSN: 2656-0615 
 

Konferensi Nasional Penelitian Matematika dan Pembelajarannya (KNPMP) IV 

Universitas Muhammadiyah Surakarta, 27 Maret 2019 

 

a contradiction since       and       .  Thus 

         (      ). 

Let  ,  , and   be integers,       ,      , and       .  

Suppose          (      ). Then, for      
 

 
  ,  

                                            , 
                                   , 

                      , 

A contradiction since      .  Similarly, for  
 

 
 

 

 
    ,  

                                             , 

                         , 

a contradiction since      . Thus  

         (      ). 

Let  ,  , and   be integers,        and         .  Suppose 

 (      )   (      ). Then, for      
 

 
    and       ,  

                                      , 
                              

          (      )       , 
                        , 

a contradiction since        .  Similarly, for  
 

 
 

 

 
    , 

                                       , 
                                  
                              
                  , 
A contradiction since    . Thus  

 (      )   (      ). 

This complete the proof that if      , then            .   

For the function   we have seen that      is odd for every             ,  

      is even for every               ,  if     then          ,  and if 

       then            .  Further  |         |  |           
  |.  We can conclude that the function f is bijective.  Furthermore, since 

      |         | for every                ,  then   is super graceful 

labeling.         

 

Figure 2. is an example of super graceful labeling of        . 
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Figure 2. Super graceful labeling of         

 

4. Conclutions 

In Theorem 2.1 we label graph         by a graceful labeling. There are 

many problems concerning graceful labeling that have not been solved. One 

of the problems is as follows. Let            be a graph obtained from         

by joining each vertex of degree 1 to different   new vertices. One can try to 

do the following exercise: Find out whether the graph            is graceful 

labeling or not.  
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