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Abstrak

Let G be a graph having vertex set V(G), edge set E(G), number of vertices |V (G)| =
p, and number of edges |E(G)| = q. A super graceful labeling is a bijection function f:V(G) U
E(G) - {1,2,3,..,p + q} such that f(uv) = |f(w) — f(v)| for every uv € E(G). A graph is
called a super graceful graph if it admits a super graceful labeling. A tree K., is a tree
obtained from a star on m + 1 vertices by joining each vertex (one vertex if m = 1) of degree 1,
v, i =1,2,..,m, to different n new vertices v; 1, v; ,, ..., V; ,. Super gracefulness of many classes
of graphs, including special classes of trees, has been studied in the literature. In this paper we
present a super graceful labeling of the tree K ., ).
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1. INTRODUCTION

For our purposes, all graphs are finite, loopless and have no multiple
edges. For most part of our notation and terminology we follow that of
Diestel (R. Diestel, 200). We let G be a graph having vertex set V(G), edge
set E(G), number of vertices |V (G)| = p, and number of edges |E(G)| = q.

A graph labeling is a function from the set of vertices or the set of
edges, or both, subject to a certain condition. A lot of graph labelings have
been studied in the literature, see (J. A. Gallian, 2018). We follow (M. A.
Perumal , 2011: 382-404) for the following definition of super graceful
labeling. Let G be a graph. A super graceful labeling is a bijection function
f:V(G)VE(G) - {1,2,3,..,p+ q} such that f(uv) = |f(uw) — f(v)| for
every uv € E(G). A graph is called a super graceful graph if it admits a super
graceful labeling. In (N. Hartsfield and G. Ringel) this labeling is called
consecutive labeling.

A tree is a connected graph with no cycles, and a star is tree obtained
from a vertex joined to a number of vertices. A tree K; ,»,) is a tree obtained
from a star on m + 1 vertices by joining each vertex (one vertex, if m = 1) of
degree 1, v;, i = 1,2, ...,m, to different n new vertices v; 1,v;,, ..., Vin. A
tree K 3(4) is as in Figure 1.
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Figure 1. Tree K4 3(4)

Super gracefulness of many classes of graphs, including special classes
of trees, has been studied in the literature. For example, Perumal et al (M. A.
Perumal , 2011: 382-404) studied the super gracefulness for cycles, paths, and
regular caterpillar. Further, Lau et al (G. C. Lau, W. C. Shiu, 2016 : 200-209)
studied the super gracefulness for special tripartite graphs, union of stars, and
some families of trees. In this paper we present a super graceful labeling a
class of trees, Ki ;-

2. RESULTS OF THE STUDY

Perumal et al (M. A. Perumal , 2011: 382-404) define a graph S, ,, as a
graph formed from m paths u,ul, .., ul,ud, ul, .., u?, .., ud,ul, .., u}
and identity the vertices uf,u3, ..., u3, with ug, and show that the graph Sy, ,
in super graceful. When n = 1, we have S,, , = K; (1), and this implies that
K1 m(1y is super graceful. In this paper we present a super graceful labeling of
the tree K 1)

By the definition, the number of vertices and the number of edges of
Kimm) are p = |V(K1_m(n))| =mn+m+1landq= |E(K1,m(n))| =mn+
m, respectively, and p + q = 2mn + 2m + 1. The following Theorem 2.1
shows an easy way to label K; ) with a super graceful labeling. We are
concerned about how to do the labeling.

Theorem 2.1. Let m and n be positif integers and K .,y be a tree
with the vertex set
V(Kl,m(n)) = {vo, V1, Vs, ooy Uy V1.1, V125 oo s V1 V2,15 V2,25 oo s V20 w00 Vi 1) U 20 ooes vm,n},
and the edge set
E(Kl.m(n)) =
{VoV1, Vo2, ooe VoV, V1V1.1, V1 V1,2, ooy V1V1 0y V2 V2.1, V2 V2.2 vy V2 V2 s voes UmVim 1,
V2V2 s oo Vm Vi1 Vm Vi 2s -» VmVmn ). 1hen the labeling:
f:V(G)UVE(G) - {1,2,3,..,2mn + 2m + 1}, where
f(e) =2(n+1) -1,
fv)) =2mn+1) +1,
fw)=2mn+1)+4(n+1)-2(n+1i—-1, for 2<i<m,
fvij)) =2+ +2n+Di+2j—1, for1<i<mand 1<j<n,
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and
fov1) = |2m(n + 1) — 2n|,
fwevy) =12mn+1) - 2(i —1D(n+ 1), for 2<i<m,
f(vlvljj)z|2m(n+1)+2—2j|, for 1<j<n

fvvj)=12mn+ 1D +2B-20(Mn+1)—2j|, for 2<i<m
and 1 <j<n,
is a super graceful labeling.

Proof. Itis obvious that
p = |[V(Kymm)| =mn+m+1,
q= |E(K1,m(n))| =mn+m,
and so
pt+tqg=2mn+2m+1.
Further, f(v) is odd for every v € V(K; mm)), f(uv) is even for every
uv € E(Kyme), and f(uv) = [f@W) — fF()].
Let 2<i<m. Then
fw)=2mn+1)+4(n+1)-2n+1i—-1
>2mn+1)+4(n+1)-2(n+1)m—-1
=4n + 3,
and
fw)=2mn+1)+4(n+1)-2n+1i—-1
<2mn+1)+4(n+1)-2n+1)2-1
=2mn+2m—1.
These imply that, forevery 1 < i < m,
1<f(v)<2mn+2m+1=p+q.
Nowletl <i<mand 1 <j <n.Wehave
flvij)=—-2m+1)+2(n+1)i+2j—1
>-2n+2n+1)+2-3
=1,
and
fvij)=-2n+2(n+1)i+2j—3
<-2n+2(n+1)m+2n-3
=2mn+ 2m - 3.
These imply that
1Sf(vi,j) <2mn+2m+1=p+gq.
Thus we find that, for every v € V(Ky ;).
3. 1<f(w)<p+q.
Since, for every uv € E(K;mm)), f(uv) = |f(w) — f(v)], then
1<f(uw)<p+q—1=2mn+2m.
Thus, we have proved that f(v), f(uv) € {1,2,3,...,p + q}.
We will show if u # v, then f(u) # f(v). It is easy to see that, for
0<rs,<m,ifr #sthen f(v,) = f(vs).
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Let1 <i,r<mand1<j,s <n.For fixed i and different, if j # s then
f(vivij) # f(vivis); the maximum value of f(v;;)=-2n+
2(n+ )i+ 2j—31is
f(vij)=-2n+2(n+1)i+2n-3
and the minimum values of f(v;4,,) = —2n+2(n+ D+ 1) +2j -3
is
f(Wipr;) =—2n+2(n+1(E+1)+2-3

=-2n+2n+1)i+2n+1

> f(vijy)-
Thus, if (i, j) # (r,s) then f(v; ;) # f(vs).
It is obvious that

f (o) # f(vy1).
Let 2 <i <m.Then
fw)—fwy) =Cmn+1)+4n+1)-2n+1)i—-1)-QCn+1)-1)
=2mn+1)+2n+1) —2(n+1)i
>2mn+1)+2(n+1)-2(n+1)m
=2n+ 2,
and so
f(wo) # f(vy).
Let1 <j <n.Then
fwo) —f(vy;) =QRMn+1)—1)—(—2n+2(n+ 1)1+ 2j — 3)
=2n—-2j+2
= 2,
and so
f(wo) # f(vl,j)-
Let2 <i <m.Then
fwi))—fwe) =(2n+2(n+1)i+2j—-3)-2n+1)—1)
>(-2n+2n+1)2+2j-3)—-2n+1)—-1)
> 2],
and so
fwo) = f(vi).
Let2 <i <m.Then
fvy) =2mMn+1)+1
>2mn+1)+4(n+1)-2(n+1)2-1
>2mn+1)+4(n+1)-2(n+1)i—1
= f(vy),

fa) # f(v).
Let 1<i<mand 1<j<n.Then
f(v) =2mMn+1)+1
>-2n+2n+1)m+2n-3
>-2n+2n+1)i+4j—-3
=f(vi,j)a
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and so

f1) # f(vi)).
Now we will show that for any integers r, s,and j, 2<r<m,1<s <
m, and 1<j<n, f(v,) # f(v,;). Suppose f(v.) = f(vs;). Then
2mn+ 1) +4(n+1) -2(n+Dr—1=-2n+2(n+ 1)s + 2j — 3,
2mn+ 1) +4(n+1) -2n+Dr—-1=-2n+ 1) +2(n+1)s +
2j—1, 2m(n+1)+6(n+1)-2n+1r—-2n+1)s=2j, (m+
3—-r—s)(n+1)=j.
It is impossible since 1 < j < n. Thus

f(vr) 2 f(vs,j)'
This complete the proof that if u # v, then f(u) # f(v).
We will show that if uv # wx, then f(uv) # f(wx). Note that
fwyvy) =12mn+1) —2n| =2m(n+ 1) — 2n,
fevy) = 2mn+1) - 2( — D(n + 1)|

=2mn+1)-2((—-1n+1), for 2<i<m,
f(vlvllj) =2m(n+1) + 2 — 2j|
=2m(n+1) + 2 - 2j, for 1<j<n

fvivi ;) =12m(n+1) +2(3 - 20)(n + 1) — 2j|

2mn+ 1)+ 2B -2)(n+ 1) — 2j, for2£i£%+1 and 1<j<n

—2m(n+1)—2(3 - 20)(n+1)+2j, for T+><i<mand 1<j<n
It is easy to see that, for 2 <i < m,
(Wovy) # f(vovy),
andfor 1<j<n
fovy) # f(v1v1,j)-
Suppose f(v,v;) = f(vl-vi,j), for2<i< % +1 and 1 <j<n.Then
2mn+1) —-2n=2mn+ 1)+ 23 -2i))(n+ 1) — 2j,
—2n=23-2))(n+1)—-2j
<23-22)(n+1)-2j,
—2n<-2(n+1) - 2j,
a contradiction. Suppose f(v,v,) = f(v;v;;), for ?+ g <i<m and
1<j<n.Then
2mn+1) —-2n=-2mn+1)-23 -2i)(n+ 1) + 2j,
2mn+1) —2n=-2mn+1)+2QR2i—-3)(n+ 1)+ 2j
2mn+1)—-2n<-2mn+1)+22m—-3)(n+ 1) + 2j
—2n<—-6(n+1) —2j,
a contradiction. Thus we find
fov1) # f(vivy ).
Let2<i<m and1<j<n. Suppose f(vov;) = f(v1vy,). Then
2mn+1) -2 —-1)n+1)=2mMn+ 1) + 2 — 2j,
i-1Dn+1D)=G-1,
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a contradictionsince i > 2 and 1 <j <n. Thus
f(wov;) # f(v1v1,j)-
Let r, s, and j be integers, 2<r<m, 1<s<m,and 1<j<n.
Suppose f (vov,) = f(vsvg ;). Then, for 2 <'s < % +1,
2mn+1) -2(r—1D)(n+1) =2m(n+ 1)+ 23 —-2s)(n+ 1) — 2j,
—2(r—-1)(n+1)=23-2s)(n+ 1) — 2j,
j=+2-25)(n—1),
A contradiction since 1 < j < n. Similarly, for %+ % <s<m,
2mn+ 1) -2(r—-1Dn+1) =-2mMn+1) - 23 -2s)(n+1) + 2j,
j=0C@m—-r+4-2s)(n+1),
a contradiction since 1 < j < n. Thus
f(UOUr) 2 f(vsvs,j)-
Let r, s, and j Dbe integers, 2<s<m and 1<r,j<n. Suppose
f(viv1,) = f(vsvs,). Then, for 2<s<Z+1and 1<j<n,
2mn+ 1) +2-2r=2m(n+1)+ 23 -2s)(n+ 1) — 2j,
1-r=0B-2s)(n+1)—j
<(3-22))(n+1)—j,
1-r<-(Mm+1)—j,
a contradiction since 1 < r,j < n. Similarly, for ?+% <s<m,
2mn+1)+2-2r=-2mn+1)-23 -2s)(n+ 1) + 2j,
l—-r=(-2m—-34+2s)(n+1)+j
>(-2m-3+(m+3)(n+1)+j
=-mn+1) +j,
A contradiction since m > 2. Thus
f(vlvl,r) * f(vsvs,j)-
This complete the proof that if uv # wx, then f(uv) # f(wx).
For the function f we have seen that f(v) is odd for every v € V(K mm)),
f(uv) is even for every uv € E(K; (), ifu # vthen f(u) # f(v), and if
uv # wx then f(uv) # f(wx). Further |[V(G)VE(G)|=1{1,2,3,..,p+
q}|- We can conclude that the function f is bijective. Furthermore, since
fuv) = |f(w) — f(v)| forevery u,v € V(K;mm)), then f is super graceful
labeling.

Figure 2. is an example of super graceful labeling of K 34).
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Figure 2. Super graceful labeling of K4 3(4)

4. Conclutions

In Theorem 2.1 we label graph K, ) by a graceful labeling. There are
many problems concerning graceful labeling that have not been solved. One
of the problems is as follows. Let Ky ;(m(n)) be a graph obtained from K ;)
by joining each vertex of degree 1 to different n new vertices. One can try to
do the following exercise: Find out whether the graph Ki jom)) is graceful
labeling or not.
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