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ABSTRACT

In this paper a total incremental method for solving nonlinear system equation
due to plasticity of shear deformable plates is presented. The material is assumed to
undergo small strains. The von Mises criterion is used to evaluate the plastic zone
and elastic perfectly plastic material behaviour is assumed. An initial stress
formulation is used to formulate the boundary integral equations. The domain
integral due to material nonlinearity is evaluated using a cell discretization technique.
Several examples are presented and comparisons are made to demonstrate the
validity and the accuracy of the total incremental method to solve the nonlinear

system of equation due to plasticity.

Key words : Reissner plates-nonlinear system of equation-total increment
method- plasticity-boundary element method.

Introduction

Nonlinear andysisof plate bending canbe
dividedinto two categoriese.i. geometrical and
materia nonlinearity. Geometrica nonlinearity in
platebending usualy iscalled aslargedeflection.

Therearetwo widely used platetheories.
Thefirst onewasdeve oped by Kirchhof (1850)]
and is commonly referred to as the classical
theory. The other was devel oped by Reissner
(1950)], and isknown asthe shear deformable
theory. Theclassical platetheory neglectsthe
shear deformation through the plate thickness
whereasthe shear deformabletheory takesinto
account theshear deformation and thetransverse
normal stressesthrough the platethickness. The
Rel ssner theory isbased on modelling the plate
structure as two-dimensional structure with
assumed stress variation through the plate
thickness. In Reissner plates, the problem is
represented intermsof threedegreesof freedom,

involving generalized displacements(i.e. two
rotationsand deflection) and generdized tractions
(i.e. momentsand transverse shear force).

Nonlinear analysisof plate bendingwith
boundary element method (BEM) can befound
in the works by Tanaka (1984), Kamiya and
Sawaki (1982), Lei, Huang and Wang (1990),
Karam and Telles(1998), Ribeiro and Venturini
(1998), Wen, Aliabadi and Young (2004),
Dirgantara and Aliabadi (2006), and Purbo-
laksono and Aliabadi (2005) and Supriyono and
Aliabadi (2006).

The works by by Tanaka, Kamiya and
Saweki and Le, Huangand Wang dedltwithlarge
deflectionusingdassica platetheory. Whereasthe
workshby Wen, Aliabadi and Young, Dirgantara
andAliabadi and PurbolaksonoandAligbadi were
for large deflection anadyssusing Reissner plates
theory. TheBEM andysisof Reissner plateswith
materid nonlinearity can befoundintheworksby
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Karam and Telles and Ribeiro and Venturini.
Supriyono andAliabadi devel opedthegpplication
of theBEM for Reissner platesby considering
combined largedeflection and pladticity.
Anincrementd together with aniterative
procedure is usually applied in delaing with
nonlinear system of equation. However, Wen,
Aliabadi and Young (2004) proposed thetotal
incremental method to solvethe nonlinear system
of equation duetolargedeflectioninwhichthe
iterative processisneglected. Neverthe ess, the
size of the increment should be small and
dependson the problemsbeing analyzed.
Purbolaksono and Aliabadi (2005) sudied
four methodsof solutionfor thenonlinear problem
due to large deflection which included total
incremental method, cumulativeload incrementd
method, Euler method and nonlinear system
method. They found the most efficient gpproach
isthetota incremental method proposed by Wen,
Aliabadi and Young (2004) which has much
simpler algorithm and less computer time
comparedtotheincrementd anditerativemethod.
The success application of the total
incremental method inlargedeflection analysis
suggeststhat an extension of the method into
plasticity analysismy also be effective. This
paper presents the application of the total
incremental method to solvethe nonlinear system
of equation dueplasticity in BEM. The BEM
formulationinthiswork followsclosdy thework
by Karam and Telles (1998). Aninitial stress
formulation was used and von Mises yield
criterionisapplied to eavulate plastic zone. The
formulation alows for small strain. Elastic
perfectly plastic materid isconsidered and cell
discretization approach was applied to evaluate
thedomainintegrd. However, inthiswork higher
order cell, whichis9-nodesquadrilateral cell, is
considred instead of triangular constant cell.
Throughout this paper, the cartesian tensor
notationisused, with Greek indicesvarying from
1to2andthelLatinindicesvaryingfrom1to 3.

Displacement and Stress Integral Equations
ApplicationsBEM in solid mechanicsare
based onthe Somigliana sidentities. Somiglianas

identity for displacementsin dastoplasticsshear
deformable plate bending problems statesthat
therate of the displacements (two rotationsand
one deflection) at any points X’ [ 4, (X7)] that
belongto domain (X 7) totheboundary values
of displacement rates| (x)] andtractionrates
[ P (x)] canbe exprmd as(Karam, 1998):

W (X) = (17X 2, (S~ [ B (X s (dS+
[Wa(x", X)gs(X)av +
[ 2o X, X)M 35 (X)aV 1]

where, WX X), P.(X'x) and + ;XX) are
called fundamental ‘solutions representl ng a
displacement, a traction and strain in the j
direction at point X dueto aunit point forcein
thei direction at point X”. These fundamental
solutions can be found in Karam (1998).
q(x),m" » (X) aretheloadratesandtheplastic
rateterms duetotheloadl ng.respectively.

Equation (1) isvdidfor any sourcepoints
withindomain (X"“V), in order tofind solutions
on the boundary points, it is necessary to
consider thelimiting processas X! x “S. After
limiting process, boundary displacement integral
equations can be expressed as

G ()G ) = [ 172, 3)p, (el [ B (¢, 2, ()l S+
jmg (', X) g5 (X)aV +

J.Za/} (x', X)Ma/} (X)av [2]

where, C. () isfreetermthat is C, SX)=d(x)
+d,(x), for smooth boundary thefreetermis0.5.

The Somigliana sidentity for stressescan
be expressed respectively as

M,,(X) = j W, (X',2)p (x)6lS = [ P (X, 2 (x)elS
I (X X)qo(X)dV

+ j Topys (X' XM (X)dV
vV

- % [2(1+ U)Maﬂ (1_ SU)M epalé‘aﬁ ] [3]
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0y (X") = [W (X'\2) y (x)dS = [ Py (X, 2)w, (x)S

+ I W (X'V)g5(X)dV
+ jxw (X', X)M 5 (X)dV [4]

where, M. and Q, are moment and shear
Stressesrespectively. W, (X 'x), P, (X’,x) and
+ . (X’.X) arecalled fundamenta solutionsand
can befound in Karam (1998).

Dicretization and System of Equation
Inorder to solveequation (1), (2), (3) and
(4), anumerical method isimplemented. The
boundary S is discretized using quadratic
Isoparametric dements. Thedomain Visdivided
into number of cellsof 9 nodesquadrilatera cell.

© Boundary node
[ Cellnode

Figure 1. Discretization

Inthisformulation, boundary parameter
x, the unknown boundary values of displa-
cementSW and tractions p. are approximated
usnglnterpolatlonfunctlon infollowing manner:

X :ZNa(g)xf

Wy = 2N ()

Substituting equation (5) and equation (6)
into equation (2), one gets (theintegrationson
theboundary S):

j By (', x)w, (x)dS = zzw J B (¥ x(G)IN, (&))" (£)d¢

el 5

jW(x x)p, (x)dS = zzp/ j W, SEDNDT @E (7]

*****

where, Ne is the number of elements on the
boundaries S and J" is the Jacobian trans-
formations.

After discretization processtheintegration
onthedomain V' can be stated as:

[ 0000V =33 g [ X (G

N, (&) " (&.n)dSdn
jzaﬁ (x" X)M 2 (X)av —ZZ(M ). (X) x

=1 a=1

[ 200 X DN () G o)y [8]

After discretization and point collocation
passesthrough all the collocation node on the
boundary aswell asinthedomain, theequations
(2) can bewritteninthematrix formas

[H}ov}= [Glp}+ o+ [T pr ) 19

where[H] and[G] arethewdlI-known boundary
element influencematrices, [ 7] istheinfluence
matrix due to plasticity. {.w}, { .p}, are the
displacement and thetraction ratevectorsonthe
boundary. {4} istheloadratevectorsonthe
domainand { M*"} isthe nonlinear term dueto
pladticity.

After imposing boundary condition,
equations (9) can bewritten as

[lie}={r}+ [rHar |

[10]

3 » where, [4] is the system matrix, {x} is the
=;N « (&P [5]  unknown vector and {f'} is the vector of

The shapefunctions N, aredefined as prescribed boundary values. _
¢ Anaogoudy, thestressintegra equationsof
= —é(f -1 equations(3) and (4) can be presented in matrix

N, =(@-8)+¢) formas
M . o -

~Leean 6| |~lehad-lelohe ek}
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Solution Algorithm
Thetotd incremental method solvesthe

nonlinear system of equationsof equation (10)

based on theincremental |oad to be applied on

thegtructure. It hasanagorithmas:

1. Solve the equation (10), assume that the
nonlinear term MP'=0for thefirst load incre-
ment. It meansthet thelinear sysem equations
aresolved. For the (k+1)thload increment it
isassumedthat (M), . =(M"),,

2. Solveequation (11) based on the boundary
valuesobtained from number 1. The same
case as number 1 isimplemented for the
nonlinear term.

3. Evauate of the plastic zone based on the
stress obtained from the number 2. Inthis
stagethevon Misescriterionisused.

4. |f theplasticity hastaken placethen, obtain
thenonlinear term otherwisegoto thenumber
5. Theclear explanation of thedetermination
of theplasticsterm can befoundin thework
by Karam (1998).

5. Iftheloadislessthanthefina load thengo
to number 1 and repeat until theloadisequdl
find load

Numerical Example

In order to show how thetotal incremental
method hasagood agreement to theincrementad
and iterative method in solving the nonlinear
system of equation due to plasticity, some
examplesare presented.

Simply supported circular plate

A amply supported circular plateof radius
a=10.0inc and thicknessh=1inc, issubjected
toauniformly distributed load q (seeFig.2). Itis
assumed that theplateiseastic perfectly plastic
material with E=10*ks, 0,=16 ks and /=0.24.
Dueto symetry conditions, only aquarter of the
plateisdiscretized. Two different BEM meshes
are used. The first mesh A has 12 boundary
elements and the second mesh B has 18
boundary elements. In order to simulate the
pladticity effects, thedomainisasomeshedinto
12 cdlsof 9-nodesquadrilaterd for thefirst mesh
A and 24 cellsfor the second mesh B. Theload

increment of Ag=0.00268 and A¢g=0.00134 are
implemented. These load increments are the
sameas 100 and 200 stepsrespectively toreach
thefina load.

Simply Supported
Figure 2. smply supported circular plate

Theresultsarepresentedin Figures3and
4. The abscise and ordinate of thegraphsare
presented in non-dimensiona parameter as
wD
0= M ja®

Aqa’®
MO

where M, = h’/4, wisthedeflectionon
center plateand D=Eh/12(1-7°)

and "V =

7.0

6.0

30 1 =24 Cells BEM-TIM

— 12 Cells BEM-TIM
2.0 4 <© Ref. Telles

1.0

0.0

(o} 0.5 1 1.5
w

Figure 3. Circular plate. Load-deflection
curveAg=0.00134.
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X Incr. Load=0.00268|
Incr. Load=0.00134

< Ref. Telles

Figure 4. Load-deflection curve for
Ag=0.00268 and Aq=0.00134 of mesh B

Simply supported square plate

‘Simply Supported

Figure 5. simply supported square plate

A simply supported square plate having
sidea=1 and thicknessh=0.01, issubjected to
auniformly distributed load g. Asinthecircular
plate, it is assumed that the plate undergoes
elastic perfectly plastic material with £=10.92
ks, 0 =1600 ks and /=0.3. Also only aquarter

y . . . .
of the plate is discretized due to simetry
conditions. Two different BEM meshesareused.
Thefirst mesh A has 16 boundary e ementsand

the second mesh B has 20 boundary e ements.
In order to simulate the plasticity effects, the
domainisaso meshedinto 16 cellsof 9-nodes
quadrilateral for thefirst mesh A and 25 cellsfor
the second mesh B. The load increment of
Ag=0.005isimplemented and the same as 200
stepsto reach thefinal load.

Theresultsare presentedinfigures4 and
thenon-dimensiona parametersare

where M = gyh2/4 , wisthedeflection on center
plateand D=Eh*/12(1-y?)
The curves of the both meshesA and B

areinagood agreement with thework done by
Telles(1998).

30.00

25.00 - o o
20.00
O 15.00 A
10.00 | - = = .16 Cells BEM-TIM
25 Cells BEM-TIM
(=] Ref. Telles
5.00
0.00
o 5 10 15 20
w

Figure 6. Square plate. Load-deflection
curve Ag=0.005.

CONCLUSION
The application of BEM to material
nonlinearity for shear deformable platebending
anaysiswas presented and thetota incremental
method wasimplemented to solvethenonlinear
system of equation, .fromtheresultsobtainedit
can be concluded that:
1. Thetotd incrementa method wasshownto
be an efficient approach for thisproblemas
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repested solution of system of equationsis influenceontheresults. Thesmdlerthesize

not required and the nonlinear terms are the better results can be obtained, however
updated by back substitution. 200 steps to reach the final load is a
2. The size of load increment shows big reasonable sizeto get agood results.
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